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Abstract
We estimate analytically the second-order cosmic microwave background temperature anisotropies at
the recombination epoch in the squeezed limit and we deduce the contamination to the primordial local
non-Gaussianity. We find that the level of contamination corresponds to f conNL = O(1) which is below the
sensitivity of present experiments and smaller than the value O(5) recently claimed in the literature.
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1 Introduction
Primordial non-Gaussianity (NG) of the cosmological perturbations has become a crucial aspect of both
observational predictions of (inflationary) early universe models and of present and future observational
probes of the Cosmic Microwave Background (CMB) anisotropies and Large-Scale Structures (LSS) of
the universe. The main motivation is that detecting, or simply constraining, deviations from a Gaussian
distribution of the primordial fluctuations allows to discriminate among different scenarios for the gener-
ation of the primordial perturbations. A non-vanishing primordial NG encodes a wealth of information
allowing to break the degeneracy between models that, at the level of the power spectra, might result
to be undistinguishable [1]. It is impressive that a future detection of a high level of primordial NG
could rule out the standard single-field models of slow-roll inflation, which are characterized by weak
gravitational interactions and thus predict tiny deviations from Gaussianity [2, 3]. Statistics like the
bispectrum (three-point correlation function) of CMB anisotropies [4], and higher-order statistics, and
various observational probes of the LSS [5], can be used to assess the level of primordial NG on various
cosmological scales.
It has now been fully appreciated the importance of distinguishing different shapes of the primordial
bispectrum, i.e. the dependence of the bispectrum on different triangular configurations formed by the
three wave-vectors over which, in Fourier space, the primordial fluctuations are correlated [6]. Different
(classes of) inflationary models give rise to unique signals with specific triangular shapes, which thus probe
different aspects of the physics of the primordial universe, in particular they can probe different kinds
of interactions in the inflaton sector which are at the origin of the primordial non-Gaussian signal. For
example, models in which non-linearities develop outside the horizon during inflation, or immediately after
inflation, generate a level of NG which is local, as the NG part of the primordial curvature perturbation
is a local function of the Gaussian part, being generated on superhorizon scales. This is generally the
case when a light scalar field, different from the inflaton, contributes to the curvature perturbation (for
example, multi-field models of inflation [7], curvaton [8, 9] and inhomogenoeus reheating models [10, 11,
12]). In momentum space, the three point function, or bispectrum, arising from the local NG is dominated
by the so-called squeezed configuration, where one of the momenta is much smaller than the other two
(k1 ≪ k2 ∼ k3) and it is parametrized by the non-linearity parameter f
loc
NL. “Equilateral” NG, peaking
for k1 ∼ k2 ∼ k3 is generally predicted by inflationary models where the inflaton field is characterized
by derivative interactions so that the correlation between the modes peaks when all the modes cross the
horizon during inflation at the same time (see, e.g., inflationary models with non-standard kinetic term
[13], or DBI models of inflation [14]). For other interesting NG shapes/models (such as “orthogonal”
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[15] and “folded” (or flattened) shapes [13, 16, 17, 18, 19]) we refer the reader to the review [20]. Present
limits on NG are summarized by the WMAP measurements −10 < f locNL < 74 and −214 < f
equi
NL < 266 at
95% CL [21] (see [22] for CMB constraints on other types of NG). The Planck satellite [23] is expected
to improve the sensitivity to the non-linearity parameters by an order of magnitude. In particular, for
the local case, it is expected to be sensitive to a value of the non-linearity parameter as low as f locNL = 3 at
1σ (accounting also for polarization information; for the equilateral case f equilNL = 30) [24, 25, 26, 27, 28].
However there are many sources of NG in the CMB anisotropies beyond the primordial one, including
systematic effects and astrophysical contamination. Given the deep implications that a detection of
primordial non-Gaussianity would have, it is crucial that all possible sources of contamination for the
primordial signal are well understood and under control. In fact any non-linearities can make initially
Gaussian perturbations non-Gaussian. Such non-primordial effects can thus complicate the extraction
of the primordial non-Gaussianity. One of their main effects could be that of “mimicking” a three-point
correlation function that is similar in shape to the primordial one, thus inducing a bias to the estimator
of primordial NG used. Therefore we have to be sure we are not ascribing a primordial origin to a signal
that is extracted from the CMB (or LSS) data using estimators of non-Gaussianity when that signal
has a different origin. Moreover we must always specify which primordial non-Gaussianity we study the
contamination from the non-primordial sources (e.g. primordial non-Gaussianity of “local”, “equilateral”
or “folded” shape). In that respect the reasonable question to ask is which kind of primordial non-
Gaussianity a given secondary effect can contaminate most, wether it is of the so-called local type or of
the equilateral type.
As far as CMB anisotropies are concerned, well-known examples of contamination are the NG pro-
duced by (non-linear) secondary anisotropies, like, e.g., the Sunyaev-Zeldovich effect, gravitational lens-
ing, Integrated-Sachs-Wolfe (or Rees-Sciama) (see, e.g. [29] for a review on CMB secondary anisotropies).
Up to now it has been found that the most serious contamination to the local type of primordial NG is the
the coupling between the Integrated Sachs-Wolfe/Rees-Sciama effect and the weak gravitational lensing
[30]. In the detailed analysis of [31, 32, 33] it is shown that the ISW/Rees-Sciama-lensing bispectrum
produces a bias of f contNL ≃ 10 to local primordial non-Gaussianity, while the bias to equilateral primordial
non-Gaussianity is negligible (see also [34, 35]). Other secondary effects have a little impact on the (local)
primordial NG with |fNL| ≤ 0.7 (for a summary of the level of contamination see the reviews [36, 4] and
references therein).
Another relevant source of NG comes from the physics operating at the recombination epoch. The
interest in these sources of contamination is due to the fact that they actually bring previously unknown
effects coming from the non-linearities in the Boltzmann equations. A naive estimate would tell that
these non-linearities are tiny being suppressed by an extra power of the gravitational potential. However,
the dynamics at recombination is quite involved because all the non-linearities in the evolution of the
baryon-photon fluid at recombination and the ones coming from general relativity should be accounted
for. This complicated dynamics might lead to unexpected suppressions or enhancements of the NG at
recombination. A step towards the evaluation of the three-point correlation function has been taken in
Ref. [37] where some effects were taken into account in the squeezed triangle limit, corresponding to the
case when one wavenumber is much smaller than the other two and was outside the horizon at recom-
bination. Refs. [38, 39, 40, 41, 42], present the computation of the full system of Boltzmann equations,
describing the evolution of the photon, baryon and Cold Dark Matter (CDM) fluids, up to second order in
the perturbations. These equations allow to follow the time evolution of the CMB anisotropies at second
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order on all angular scales from the early epochs, when the cosmological perturbations were generated,
to the present time, through the recombination era. These calculations set the stage for the computation
of the full second-order radiation transfer function at all scales and for a a generic set of initial conditions
specifying the level of primordial non-Gaussianity 1.
There has been some debate about the level of contamination that the non-linear evolution at re-
combination can generate. A first work, partially implementing numerically the second-order Boltzmann
equations in the small scale limit, claimed a very high level of contamination to the local-type fNL [43].
However it has been shown in Ref. [44] that the source of this effect, the small-scale non-linear evo-
lution of the second-order gravitational potential at recombination, actually contaminates mainly the
equilateral-type NG. A contamination of f contNL (equil) ≃ 5 for an experiment like Planck was found [44],
which is actually low w.r.t. the expected Planck sensitivity to this kind of NG. The contamination to
the local NG from the small scale evolution of the second-order gravitational potential is also very low,
f contNL (loc) ≃ 0.3 [44] for an experiment like Planck. In Ref. [45] another numerical implementation of
the second-order Boltzmann equations has been performed to compute the contamination from specific
terms appearing in the second-order radiation transfer function. These are the terms that can be written
(in the Poisson gauge adopted in Ref. [45]) as products of the first-order perturbations (in the form, e.g.,
(Φ(1))2, where Φ(1) is the linear gravitational potential). The contamination to local NG was found to
be negligible for an experiment like Planck being |f contNL (loc)| < 1 [45].
Recently, Ref. [46] analysed numerically the second-order evolution of the photon-baryon system at
recombination claiming an overall contamination f contNL (loc) = 5 up to a maximum multipole ℓmax = 2000.
Such a contamination must therefore come from terms in the second-order radiaton transfer function that
are “intrinsically” of second order. The authors of Ref. [46] suggest that the main candidate is the second-
order monopole perturbation (Θ
(2)
SW = ∆
(2)
00 /4 + Φ
(2)), which is the usual term appearing in the CMB
anisotropies due to the intrinsic photon energy density fluctuations ∆
(2)
00 and the gravitational redshift
due to the potential, both evaluated at recombination. In fact such a term on large scales reduces to
the Sachs-Wolfe effect. There has been some debate on how such a second-order contribution is able to
produce a contamination f contNL (loc) = 5 (see, e.g., [47, 48]). For example it is not clear what is the physical
mechanism generating such a squeezed signal: if it occurs due to an integration over the terms (squared in
first-order perturbations) that source the “intrinsically” second-order monopole, then, naively, one does
not expect that a squeezed signal can be generated, because such a contribution would be associated to
a causal evolution on small scales.
The goal of this paper is to present a transparent computation of the bispectrum in the squeezed limit
through a convenient coordinate rescaling [37, 49, 50]. To understand such a rescaling, it is important to
recall what is generally the origin of a squeezed non-Gaussian signal: typically the local-form bispectrum
is generated when short-wavelength fluctuations are modulated by long-wavelength fluctuations. In
particular we will focus on the temperature anisotropies at recombination when the long wavelength
mode is outside the horizon, but observable at the present epoch. Thus, the effect of the long wavelength
mode imprinted at recombination can be described simply by a coordinate transformation. In this way
we can describe in a simple way the coupling of small scales to large scales that can generally produce the
1Of course, for specific effects on small angular scales like Sunyaev-Zeldovich, gravitational lensing, etc., fully
nonlinear calculations would provide a more accurate estimate of the resulting CMB anisotropy, however, as long
as the leading contribution to second-order statistics like the bispectrum is concerned, second-order perturbation
theory suffices.
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local form bispectrum. A similar cross-talk between large and small scales gives rise to the ISW-lensing
cross-correlation bispectrum.
The plan of the paper is the following: In Sec. II we show that a simple coordinate rescaling reproduces
correctly the second-order expressions for the temperature anisotropies in the squeezed limit. In Sec. III
we take advantage of this coordinate rescaling to estimate the bispectrum from the CMB anisotropies
at recombination in the squeezed limit and the corresponding contamination to the local primordial
non-Gaussianity. Sec. IV contains our conclusions.
2 Second-order CMB anisotropy at recombination
To motivate the fact that the rescaling of coordinates (that we will soon introduce) correctly captures
the physics of the CMB anisotropies at second order in the squeezed limit, we will first show that
such a rescaling applied to the linear equations properly reproduces the second-order sources found in
Refs. [36, 38, 39]. We first recall the Boltzmann equations at first-order in perturbation theory for the
CMB anisotropies. Since this subject is rather standard, we refer the reader to standard books for more
details [51] (see also Refs. [36, 39]). Our starting metric is
ds2 = a2(η)
[
−e2Φdη2 + e−2Ψdx2
]
, (1)
where a(η) is the scale factor as a function of the conformal time η, and we have neglected vector and
tensor perturbations. The equations of motion of the first two moments of the Boltzmann equations for
the CMB photons are
∆
(1)′
00 +
4
3
∂iv
(1)i
γ − 4Ψ
(1)′ = 0 , (2)
v(1)i′γ +
3
4
∂jΠ
(1)ji
γ +
1
4
∆
(1),i
00 +Φ
(1),i = −τ ′
(
v(1)i − v(1)γ
)
, (3)
where Πij is the photon quadrupole moment and τ ′ = −neσTa is the differential optical depth in terms
of the average number of electron number density ne and Thomson cross section σT . Here the primes
indicate differentiation with respect to η and ∂i differentiation w.r.t. x
i. The two equations above are
complemented by the momentum continuity equation for baryons, which can be conveniently written as
v(1)i = v(1)iγ +
R
τ ′
[
v(1)i′ +Hv(1)i +Φ(1),i
]
, (4)
where we have introduced the baryon-photon ratio R ≡ 3ρb/(4ργ) and we have indicated by H = a
′/a
the Hubble rate in conformal time.
Eq. (4) is in a form ready for a consistent expansion in the small quantity τ−1 which can be performed
in the tight-coupling limit. By first taking v(1)i = v
(1)i
γ at zero order and then using this relation in the
left-hand side of Eq. (4) one obtains
v(1)i − v(1)iγ =
R
τ ′
[
v(1)i′γ +Hv
(1)i
γ +Φ
(1),i
]
. (5)
Such an expression for the difference of velocities can be used in Eq. (3) to give the evolution equation
for the photon velocity in the limit of tight coupling
v(1)i′γ +H
R
1 +R
v(1)iγ +
1
4
∆
(1),i
00
1 +R
+Φ(1),i = 0 . (6)
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Notice that in Eq. (6) we are neglecting the quadrupole of the photon distribution Π(1)ij (and all the
higher moments) since it is well known that at linear order such moment(s) are suppressed in the tight-
coupling limit by (successive powers of) 1/τ ′ with respect to the first two moments, the photon energy
density and velocity. Eqs. (2) and (6) are the master equations which govern the photon-baryon fluid
acoustic oscillations before the epoch of recombination when photons and baryons are tightly coupled by
Compton scattering.
In the tight-coupling limit the contribution to the CMB anisotropies from recombination is given by
Θ(1)(k,n, η0) =
(
1
4
∆
(1)
00 +Φ
(1) + v(1) · n
)
η=ηrec
. (7)
We are now interested in computing the second-order CMB anisotropies in the squeezed limit, i.e. when
one of the momenta is much smaller than the other two, k1 ≪ k2 ≃ k3. In particular, we will be interested
in the case in which the smallest momentum is at most equal to the wavenumber entering the horizon at
equivalence, k1 <∼ keq.
Instead of solving the complicated network of second-order Boltzmann equations for the CMB temper-
ature anisotropies, we use the following trick. As the wavenumber k1 <∼ keq corresponds to a perturbation
which is almost larger than the horizon at recombination and the evolution in time of the correspond-
ing gravitational potential is very moderate (one can easily check, for instance, that Φ
(1)
k1
(η) changes
its magnitude by at most 10% during the radiation epoch for k1 = keq), we can absorb the large-scale
perturbation with wavelength ∼ k−11 in the metric by redefining the time and the space coordinates as
follows. Let us indicate with Φℓ and Ψℓ the parts of the gravitational potentials that receive contributions
only from the large-scale modes k1 <∼ keq (see, e.g., [49]). If the scale factor is a power law a(η) ∝ η
α
(α = 1 and α = 2 for the period of radiation and matter domination, respectively), we can perform the
redefinitions
a2(η)e2Φℓdη2 = η2αe2Φℓdη2 = η2αdη2 = a2(η)dη2 ⇒ η = e
1
1+α
Φℓη , (8)
and
a2(η)e−2Ψℓdx2 = η2αe−2Ψℓdx2 = η2αe
−2α
1+α
Φℓe−2Ψℓdx2 = a2(η)dx2 ⇒ x = e
−α
1+α
Φℓe−Ψℓx . (9)
In particular, the combination
kη = eΦℓ+Ψℓ kη , (10)
where k and k are the wavenumbers in the two coordinate systems. Obviously, if one wishes to account
for the fact that at recombination the universe is not fully matter-dominated, one should perform a
more involved coordinate transformation which will eventually depend also on the parameter R. To test
the goodness of this procedure, let us consider for instance the equation of motion of the gravitational
potential Ψk(η) at second-order during the radiation epoch. From the full second-order equations (B.13)
and (B.14) of Ref. [36], we see that this equation reads in the squeezed limit
Ψ
(2)′′
k
+ 4HΨ
(2)′
k
+ c2sk
2Ψ
(2)
k
= −4c2s
(
Ψ
(1)
k1
+Φ
(1)
k1
)
k22Ψ
(1)
k2
, (11)
where in the source in the r.h.s. we have implicitly assumed an integration over the momenta k1 and
k2 with the corresponding Dirac delta to ensure momentum conservation. We will adopt this convention
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from now on. In fact, for a bispectrum computation, it is the kernel of the source term that matters,
and from this point of view we can identify the wavenumber k1 as a long wavelength modulation of the
perturbation in the momentum k2, so that k = k1 + k2 ≃ k2.
It is reassuring that this equation can be simply obtained by rescaling the coordinates, following (8)
and (9). Just consider the (linear) equation of motion [51, 39]
Ψ(1)
′′
+ 4HΨ(1)
′
− c2s∇
2Ψ(1) = 0 , (12)
whose solution is
Ψ
(1)
k
(η) = 3Ψ
(1)
k
(0)
(−cskη cos(cskη) + sin(cskη))
(cskη)3
. (13)
Applying (8) and (9) to Eq. (12) we obtain
Ψ
′′
+ 4HΨ
′
− c2se
2(Φℓ+Ψℓ)∇2Ψ = 0 . (14)
Now, expanding the perturbations into a first- and second-order parts, Ψ = Ψ(1)+Ψ(2)/2, and identifying
in Fourier space the long wavelength mode with k1, one can easily check that Eq. (14) exactly correponds
to Eq. (11). The solution of Eq. (11) is
Ψ
(2)
k
(η) = 3Ψ
(2)
k
(0)
(−cskη cos(cskη) + sin(cskη))
(cskη)3
+ 6
3 cskη cos(cskη) + (−3 + (cskη)
2) sin(cskη)
(cskη)3
Ψ
(1)
k1
(0)Ψ
(1)
k2
(0) . (15)
Again, to have a further check of our procedure, we point out that this solution can be found by employing
the coordinate rescalings (8) and (9). Taking the expression (13) and assuming that Ψ
(1)
k
≃ Φ
(1)
k
we find
Ψk(η) = 3Ψk(0)
(
−csk2η cos(csk2η) + sin(csk2η)
)
(csk2η)3
= 3Ψ
k
(0)
(
−e
2Ψ
(1)
k1 csk2η cos
(
e
2Ψ
(1)
k1 csk2η
)
+ sin
(
e
2Ψ
(1)
k1 csk2η
))
(
e
2Ψ
(1)
k1 csk2η
)3 . (16)
Expanding at second-order one, one recovers exactly the expression (15)2.
We have also verified that using this procedure applied to Eqs. (2) and (6) one reobtains the cor-
responding second-order Boltzmann equations already computed in Eqs. (205) and (206) of Ref. [36]
expressed in terms of the bolometric temperature, i.e., in terms of the variable [∆(2)− (∆(1))2]. The bolo-
metric temperature is defined as (see, e.g., [46, 45]) (T/T¯ )4 ≡ ∆, where ∆(x,n, τ) =
∫
dpp3f/(
∫
dpp3f¯)
2Notice that here we are using the short-hand notation kη = e
Φ
(1)
k1
+Ψ
(1)
k1 kη which simplifies the computation
giving nonetheless the correct result. Notice that the coordinate rescaling also transforms the gravitational potential
Ψk(0). This change however is reabsorbed in the physical initial conditions.
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is the (normalized) brightness function, f being the photon distribution function. By Taylor expanding
this definition one finds
∆(2) = 4Θ(2) + 16
(
Θ(1)
)2
= 4Θ(2) +
(
∆(1)
)2
, (17)
where, in the notations of Refs. [45, 36],
T = TeΘ = T ,
∆T
T
= Θ(1) +
1
2
Θ(2) +
1
2
(
Θ(1)
)2
, (18)
is the bolometric temperature so that one recovers the temperature variables used in [45, 36] (notice that,
despite using the same symbol Θ this temperature is different from the brightness temperature defined,
e.g., in Eq. (4.1) of [46]). Since the existing literature usually computed the CMB bispectrum in terms of
the bolometric temperature (e.g., [45, 46]), our results for the CMB bispectrum will refer to this variable.
Let us show in some details how the coordinate rescaling method works for Eqs. (2) and (6). Under the
coordinate rescalings (8) and (9) Eq. (2) transforms as
4Θ′00 +
4
3
eΦ+Ψ∂iv
i
γ − 4Ψ
′ = 0 . (19)
Expanding this equation at second-order in the perturbations (and expressing the photon velocity in
terms of ∆00 and Ψ) one finds
4Θ
(2)
00
′
+
4
3
∂iv
i(2)
γ − 4Ψ
′(2) = −2(Φ(1) +Ψ(1))(4Ψ(1)
′
− 4Θ
(1)
00
′
) . (20)
This equation can be confronted with Eq. (205) of Ref. [36]
∆
(2)′
00 +
4
3
∂iv
(2)i
γ − 4Ψ
(2)′ = S∆ , (21)
where the source term is given by
S∆ =
(
∆
(1)2
00
)′
− 2(Φ(1) +Ψ(1))(4Ψ(1)′ −∆
(1)′
00 )−
8
3
v(1)iγ (∆
(1)
00 + 4Φ
(1)),i
+
16
3
(Φ(1) +Ψ(1)),ivi −
8
3
R

 H
1 +R
v(1)2γ −
1
4
v
(1)
γi ∆
(1),i
00
1 +R

 .
(22)
It is easy to check that in the squeezed limit, k1 ≪ k2 ≃ k3, Eq. (21) exactly coincides to Eq. (20) when
written in terms of the bolometric monopole [∆
(2)
00 − (∆
(1)
00 )
2]. Similarly one can check that the squeezed
limit of Boltzmann equation for the second-order velocity equation of the photon-baryon system can be
obtained in the same way. Let us start from the (linear) Eq. (6). By applying the coordinate rescalings
(8) and (9) we obtain
v′γ +H
R
1 +R
viγ +
1
4
e(Φ+Ψ)
4Θ,i00
1 +R
+ e(Φ+Ψ) Φ(1),i = 0 , (23)
which, expanded at second-order in the perturbations, becomes
v(2)i′γ +H
R
1 +R
v(2)iγ +
1
4
4Θ
(2),i
00
1 +R
+Φ(2),i = −
1
2(1 +R)
(Φ(1) +Ψ(1))4Θ,i00 − 2(Φ
(1) +Ψ(1))Φ(1),i . (24)
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This equation corresponds to the squeezed limit of the velocity continuity equation computed directly at
second order in Ref. [36] (see Eq. (209))
v(2)i′γ +H
R
1 +R
v(2)iγ +
1
4
∆
(2),i
00
1 +R
+Φ(2),i = SiV , (25)
where
SiV = −
3
4(1 +R)
∂jΠ
(2)ji
γ − 2ω
′
i − 2H
R
1 +R
ωi + 2
HR
(1 +R)2
∆
(1)
00 v
(1)i
γ
+
1
4(1 +R)2
(
∆
(1)2
00
),i
+
8
3(1 +R)
v(1)iγ ∂jv
(1)j
γ + 2
R
1 +R
Ψ(1)′v(1)iγ
− 2(Φ(1) +Ψ(1))Φ(1),i −
1
2(1 +R)
(Φ(1) +Ψ(1))∆
(1),i
00
−
R
1 +R
∂iv(1)2γ −
3
2
R
1 +R
∆
(1)
00
(
H
1 +R
v(1)iγ −
1
4
∆
(1),i
00
1 +R
)
. (26)
Here ωi is the pure second-order metric perturbation of the (0 − i) metric tensor (which therefore does
not appear in the first-order equation) while Π
(2)
ij is the second-order quadrupole moment of the photons.
If one takes the source term SiV , Eq. (26), in the squeezed limit and for R = 0, one recovers exactly
Eq. (24) once Eq. (25) is expressed in terms of the bolometric temperature [∆
(2)
00 − (∆
(1)
00 )
2]. Notice
that the second-order velocity continuity equation of the photon-baryon system in the squeezed limit is
recovered only when k1Rηrec < 1, i.e. when the timescale of the modulating long wavelength mode is
much bigger than the typical timescale of the collision term in the tight coupling limit (in particular for
R ≪ 1). This does not come as a surprise, the coordinate transformation we are adopting is not fully
exact when R is not much smaller than unity.
3 The bispectrum at recombination in the squeezed limit
and the contamination to the primordial local NG
Since we will be concerned with a signal-to-noise ratio (S/N) dominated by the maximum multipole a
given experiment can reach, ℓmax ≫ 1, we can use the flat-sky approximation [52] and write for the
bispectrum
〈a(~ℓ1)a(~ℓ2)a(~ℓ3)〉 = (2π)
2δ(2)(~ℓ1 + ~ℓ2 + ~ℓ3)B(ℓ1, ℓ2, ℓ3) . (27)
Inspecting Eq. (18), the bispectrum gets two contributions. One from the intrinsically second-order term
Θ(2) and one from the term (Θ(1))2/2.
The first contribution can be calculated through the rescaling of the coordinates. We make the
simplifying assumption that ηrec ≫ ηeq in such a way that the coordinate transformations (8) and (9)
can be performed in a matter-dominated period, that is we take α = 2 and
x→ e−5Φℓ/3 x , k→ e5Φℓ/3 k , ηrec → e
Φℓ/3 ηrec , (28)
9
is the transformation for modes which were outside the horizon at recombination, but are subhorizon at
the time of observation. It is therefore enough to consider the rescaling acting on
a(~ℓ) =
∫
dkz
2π
eik
zDrec Φ
(1)
k′
(0)∆T (ℓ, k
z) , (29)
where ∆T (ℓ, k
z) is the radiation transfer function and Drec = (η0 − ηrec) is the distance to the surface of
last scattering. We consider only the contribution at recombination and therefore
∆T (ℓ, k
z) =
1
D2rec
S(
√
(kz)2 + ℓ2/D2rec, ηrec) , S =
(
1
4
∆
(1)
00 +Φ
(1) + v(1) · n
)
η=ηrec
/Φ
(1)
k
(0) . (30)
Here kz is the momentum component perpendicular to the plane orthogonal to the line-of-sight and the
superscript
′
reminds us that in the expression for k we have to set ~k‖ = ~ℓ/D∗, where ~k
‖ is the component
perpendicular to the line-of-sight. As we have learnt in the previous section, the rescaling (28) reproduces
the second-order sources and the corresponding solutions starting from the first-order expression of the
temperature anisotropy. Therefore, we have to think of the expression (30) as a function of the rescaled
coordinates in such a way that an expansion of the long mode will give the exact second-order quantity
in the squeezed limit. Notice that the rescaling (28) changes also the gravitational potential
Φ
(1)
k
→ e−5Φℓ Φ
(1)
e5Φℓ/3k
, (31)
and therefore a(~ℓ) is not subject to any rescaling if one takes the Sachs-Wolfe large-scale limit in which
the source S reduces to 1/3.
Following Ref. [44], we mimic the effects of the transfer function on small scales as
∆T (ℓ, k
z) =
a
D2rec
e−1/2(ℓ/ℓ∗)
1.2
e−1/2(|kz |/k∗)
1.2
, (32)
i.e. a simple exponential and a normalization coefficent a to be determined to match the amplitude of
the angular power spectrum at the characteristic scale ℓ ≃ ℓ∗ = k∗Drec. As shown in Ref. [44], the values
ℓ∗ ≃ 750 and a ≃ 3 are able to account for the combined effects of “radiation driving”, which occours
at ℓ > ℓeq ≃ 160 and boosts the angular power spectrum with respect to the Sachs-Wolfe plateau, and
the effects of Silk damping which tend to suppress the CMB anisotropies for scales ℓ > ℓD ≃ 1300. The
combination of these effects produces a decrease in the angular power spectrum from a scale ℓ∗ ≃ 750.
The choice of the exponent 1.2 derives from the study of the diffusion damping envelope in Ref. [53].
The power spectrum in the flat-sky approximation is given by
〈a(~l1)a(~l2)〉 = (2π)
2δ(2)(~l1 + ~ℓ2)C(ℓ1) , (33)
with
C(ℓ) =
D2rec
(2π)
∫
dkz|∆T (ℓ, k
z)|2 P (k) . (34)
The exponential of the transfer function allows to cut off the integral for k ≃ k∗ and one finds [44]
C(ℓ) ≃ a2
A
π
ℓ∗
ℓ3
e−(ℓ/ℓ∗)
1.2
, (35)
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which holds for ℓ ≫ ℓ∗ and we have used the amplitude of the primordial gravitational potential power
spectrum computed at first-order
〈Φ(1)(k1)Φ
(1)(k2)〉 = (2π)
3δ(3)(k1 + k2)P (k1) , P (k) = A/k
3 (36)
with amplitude A = 17.46×10−9. To compute the bispectrum, we go to the squeezed limit ℓ1 ≪ ℓ2, ℓ3 (or
k1 ≪ k2, k3). In this case Φ
(1)
k1
acts as a background for the other two modes. One can therefore compute
the three-point function in a two-step process: first compute the two-point function in the background of
Φ
(1)
k1
and then the result from the correlation induced by the background field. Following Ref. [37] (see
also [54]) and using the Sachs-Wolfe limit for the multipole ℓ1, this procedure leads to
〈a(~ℓ2)a(~ℓ3)〉Φ(1)
k1
= 〈a(~ℓ2)a(~ℓ3)〉0 + 5 a(~ℓ2 + ~ℓ3)C(ℓ2)
d ln
[
ℓ22C(ℓ2)
]
d ln ℓ2
. (37)
The bispectrum from the intrinsically second-order term Θ(2) therefore reads
BΘ(2)(ℓ1, ℓ2, ℓ3) =
〈
a(~ℓ1)〈a(~ℓ2)a(~ℓ3)〉
〉
= (2π)2 δ(2)(~ℓ1 + ~ℓ2 + ~ℓ3) 5 C(ℓ1)C(ℓ2)
d ln
[
ℓ22C(ℓ2)
]
d ln ℓ2
. (38)
Notice also in all these computations one can safely neglect the rescaling of the conformal time at
recombination ηrec up to terms ηrec/η0 ≪ 1.
Next we compute the contribution from the term (Θ(1))2/2. In the squeezed limit it reads (see also
Refs. [45, 36])
B 1
2(Θ
(1))
2(ℓ1, ℓ2, ℓ3) = (2π)
2 δ(2)(~ℓ1 + ~ℓ2 + ~ℓ3) 2 C(ℓ1)C(ℓ2) . (39)
The total bispectrum therefore is
Brec(ℓ1, ℓ2, ℓ3) = (2π)
2 δ(2)(~ℓ1 + ~ℓ2 + ~ℓ3)C(ℓ1)C(ℓ2)
[
2 + 5
d ln
[
ℓ22C(ℓ2)
]
d ln ℓ2
]
. (40)
Notice that if we consider the second-order CMB anisotropies on large-scales with all the modes on super-
Hubble scales at recombination (i.e. with all wavenumbers (kiηrec ≪ 1), but inside the horizon today),
then in the Sachs-Wolfe limit 3
∆T
T
=
1
3
Φrec +
1
18
(
Φ(1)rec
)2
. (41)
The term (Φ
(1)2
rec /18) corresponds in this limit exactly to the (Θ(1)2/2) term in Eq. (18). The result (41) was
first obtained in Ref. [55] (see also the discussion that followed in Ref. [50]). This additional contribution
to primordial non-Gaussianity from the second-order gravitational potential in (Φrec = Φ
(1)
rec + Φ
(2)
rec/2)
and the term (Φ
(1)2
rec /18) (see Refs. [55, 49]) can contribute to a contamination of the primordial local
non-Gaussianities only on the very largest scales, 2 <∼ ℓ
<
∼ 200. Therefore they actually lead to a small
(negligible) contribution to the total level of contamination (see the quantity f conNL defined below).
3 This expression is valid only when all the wavelength modes are outside the horizon at recombination, and,
e.g., when written as a convolution in Fourier space, it does not hold for an external wavenumber k1ηrec ≪ 1 with
the two internal wavenumbers k′2 and k
′
3 inside the horizon.
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Our goal now is to estimate the level of degradation that the NG from recombination in the squeezed
limit causes on the possible measurement of the local primordial bispectrum. A rigorous procedure is to
define the Fisher matrix (in flat-sky approximation) as
Fij =
∫
d2ℓ1d
2ℓ2d
2ℓ3 δ
(2)(~ℓ1 + ~ℓ2 + ~ℓ3)
Bi(ℓ1, ℓ2, ℓ3)Bj(ℓ1, ℓ2, ℓ3)
6C(ℓ1)C(ℓ2)C(ℓ3)
, (42)
where i (or j)= (rec, loc), and to define the signal-to-noise ratio for a component i, (S/N)i = 1/
√
F−1ii ,
and the degradation parameter di = FiiF
−1
ii , due to the correlation bewteen the different components
rij = F
−1
ij /
√
F−1ii F
−1
jj . In order to measure the contamination to the primordial bispectra one can define
that effective non-linearity parameter f conNL which minimizes the χ
2 defined as
χ2 =
∫
d2ℓ1d
2ℓ2d
2ℓ3 δ
(2)(~ℓ1 + ~ℓ2 + ~ℓ3)
[
f conNL Bloc(ℓ1, ℓ2, ℓ3; f
loc
NL = 1)−Brec(ℓ1, ℓ2, ℓ3)
]2
6C(ℓ1)C(ℓ2)C(ℓ3)
,
(43)
to find
f conNL =
Frec,loc
Floc,loc
∣∣∣∣∣
f loc
NL
=1
. (44)
In multipole space the bispectrum induced by a local primordial NG in the squeezed limit is given by
Bloc(ℓ1, ℓ2, ℓ3) = −6 f
loc
NL [C(ℓ1)C(ℓ2) + cycl.] . (45)
Performing the integrals in the multipoles and using Eq. (35), we find
f conNL ≃ −
1
6
+
5
12
[
1 + 0.75
(
ℓmax
ℓ∗
)1.2
−
(
ℓmin
ℓmax
)2 (
1 + 0.75
(
ℓmin
ℓ∗
)1.2)]
≃ 0.91 , (46)
where we have taken ℓmax = 2000, ℓ∗ = 750 and ℓmin = 1200, see Ref. [44].
Let us also remark that in Refs. [44, 36] the non-linear evolution on small scales (for all the wavenum-
bers (kiηrec ≫ 1) at recombination) of the second-order gravitational potential also produces a small
contamination to the local non-Gaussianity of the order of f conNL = 0.3. This contribution should be added
to Eq. (46).
4 Conclusions and remarks
In this paper we have analytically estimated the level of non-Gaussianity produced by the non-linear
evolution of the photon-baryon system at recombination in the squeezed limit. While a contamination
O(5) was numerically obtained in [46], we do find that the total contamination to the primordial local
non-Gaussianity is smaller and not within the reach of present experiments. Our main goal was to provide
a clear and simple way to understand the physical origin of such a contamination. We have reached the
goal using a simple rescaling of the local coordinates of a perturbed FRW universe, which explains in a
very transparent way the large-scale modulation of the perturbations which is generally at the origin of
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a squeezed non-Gaussian signal. Let us make some brief remarks about the validity of our results. It is
clear that they are valid up to terms O(Φ
(1)
k2
∇Φ
(1)
k1
), which vanish in the exact squeezed limit, k1 → 0.
Of course such contributions will arise for the perturbation modes k1 that were not much outside the
Hubble radius at recombination, e.g. for k1 ≃ keq. For example the initial condition for the second-order
gravitational potential would get a small correction (see Eq. (269) of [36]) from the initial condition (with
vanishing primordial non-Gaussianity)
Ψ
(2)
k
(0) = 11
F (k1,k2,k)
k2
Ψ
(1)
k1
(0)Ψ
(1)
k2
(0) , (47)
where the function F (k1,k2,k) would vanish in the exact squeezed limit (see its expression in Eq. (242)
of [36]. It is easy to check that, if for example, one takes k1 = keq and k2 = 15keq (the latter corresponding
to ℓ2 = 2000) one finds that the contamination to the primordial local NG induced from the correction of
the F term in Eq. (47) is |f conNL (loc)| ≃ 0.1. Indeed this must also be intended as an upper limit, since this
correction does not fully correlate with the local type f locNL. This example is to show that the corrections
coming from the perturbation modes k1 = keq is actually subdominant.
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